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Abstract
In this paper, we present some fixed point theorems in partially ordered G-metric space using the
concept (ψ,φ)- weak contraction which extend many existing fixed point theorems in such space. We
also give some examples to show that if we transform a metric space into a G-metric space our results
are not equivalent to the existing results in metric space.
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1 Introduction
Let X be a nonempty set. A function G : X×X×X→ [0,∞) is called G-metric on X if it satisfy the
following properties :
(G1) G(x, y, z) = 0 if x = y = z,
(G2) 0 < G(x, x, y) for all x, y ∈ X with y 6= z,
(G3) G(x, x, y) ≤ G(x, y, z) for all x, y, z ∈ X with y 6= z,
(G4) G(x, y, z) = G(p{x, y, z}) ∀ x, y, z ∈ X, where p is a permutation on {x,y,z},
(G5) G(x, y, z) ≤ G(x, a, a) +G(a, y, z) for all x, y, z, a ∈ X (rectangle inequality).
This notion of G-metric was introduced by Mustafa and Sims [1] in 2006. It can be shown that if (X, d)
is a metric space one can define G-metric on X by
G(x, y, z) = max{d(x, y), d(y, z), d(z, x)} or G(x, y, z) = d(x, y) + d(y, z) + d(z, x).
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A self map f on metric space (X, d) is said to be φ-weak contraction if there exists a map φ : [0,∞)→
[0,∞) with φ(0) = 0 and φ(t) > 0 for all t > 0 such that
d(fx, fy) ≤ d(x, y)− φ(d(x, y)), ∀ x, y ∈ X. (1.1)
A self map f on metric space (X, d) is said to be (ψ, φ)-weak contraction if there exists two maps
ψ, φ : [0,∞)→ [0,∞) with ψ(0) = φ(0) = 0 and ψ(t) > 0 and φ(t) > 0 for t > 0 such that
ψ(d(fx, fy)) ≤ ψ(d(x, y)) − φ(d(x, y)), ∀ x, y ∈ X. (1.2)
A self map f on metric space (X, d) is said to be generalized (ψ, φ)-weak contraction if there exists two
maps ψ, φ : [0,∞)→ [0,∞) with ψ(0) = φ(0) = 0 and ψ(t) > 0 and φ(t) > 0 for t > 0 such that
ψ(d(fx, fy)) ≤ ψ(M(x, y))− φ(M(x, y)), ∀ x, y ∈ X, (1.3)
where M(x, y)=max {d(x, y), d(x, fx), d(y, fy), 12 [d(x, fy) + d(y, fx)]}.
Using φ-weak, (ψ, φ)-weak and generalized (ψ, φ)-weak contraction many authors studied existence of
fixed points in complete metric spaces as well as parially ordered complete metric spaces. Some of them
are Rhoades [2], Dutta and Choudhury [3], Doric´ [4], Popescu [5], Moradia and Farajzadeh [6], Harjani
and Sadarangani [7], Nashine and samet [8]. Radenovic´ and Kadelburg [9] showed that if f is a self map
on a complete partially ordered metric space (X,, d) with x0  fx0 for some x0 ∈ X and for any two
comparable elements x, y in X there exists a continuous, non-decreasing function ψ : [0,∞)→ [0,∞) and
a lower semi-continuous function φ : [0,∞)→ [0,∞) satisfying ψ(t) = φ(t) = 0 iff t = 0 such that
ψ(d(fx, fy)) ≤ ψ(M(x, y)) − φ(M(x, y)), (1.4)
then in each of the following cases f has a fixed point:
(i) f or g is continuous, or
(ii) if a non-decreasing sequence {xn} converges to x ∈ X, then xn  x for all n.
Existence of fixed point has important role in solving differential equations [10,11], matrix equations [12]
and integral equations. There are several works on fixed point in G-metric space [13–19]. But in 2012
Samet and Jeli [15,16] showed that major amount of results were obtained by transforming the contraction
condition in usual or quasi metric spaces context to G-metric spaces. Recently Karapinar and Agarwal [17]
proved that if f is a self map on a G-metric space X such that
G(fx, f2x, fy) ≤ G(x, fx, y)− φ(G(x, fx, y)), ∀ x, y ∈ X, (1.5)
where φ : [0,∞) → [0,∞) is continuous function such that φ(t) = 0 iff t = 0, then f has a unique fixed
point. They also showed that the above contraction could not characterized in context of usual or quasi
metric space as suggested in [15, 16].
A partially ordered G-metric space is said to be regular non decreasing if for all -monotone non-
decreasing sequence {xn} ∈ X such that xn → x
∗ implies xn  x
∗ for all n ∈ N.
In this paper, using the concept of (ψ, φ)-weak contraction we present some fixed point theorems in
partially ordered G-metric space and we show that one of our result extend the fixed point theorem given
by Karapinar and Agarwal [17] on partially ordered G-metric space. We also give a sufficient condition
for uniqueness of fixed point and an example to show that our result is not equivalent to the result of
Radenovic´ and Kadelburg [9].
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2 Existence of fixed points
Let us consider two sets Ψ ={ψ : [0,∞)→ [0,∞) : ψ is continuous, non-decreasing and ψ(t) = 0 iff t = 0}
and Φ ={φ : [0,∞)→ [0,∞) : φ is lower semi-continuous, and φ(t) = 0 iff t = 0}
Theorem 2.1. Let (X,, G) be a complete partially ordered G-metric space. Let T : X → X be a
mapping satisfying the following conditions:
1. T is G-continuous or (X,, G) is regular non-decreasing,
2. T is non-decreasing,
3. There exists x0 ∈ X with x0  Tx0,
4. There exists ψ ∈ Ψ and φ ∈ Φ such that for all comparable x  y  z in X
ψ(G(Tx, T y, T z)) ≤ ψ(M(x, y, z))− φ(M(x, y, z)), (2.1)
where M(x,y,z)= max {G(x, Tx, y), G(x, Tx, z), G(x, y, z), G(y, T y, T y),
G(z, T z, T z), 12 [G(x, T y, T z) +G(Tx, y, z)]}.
Then T has a fixed point.
Proof. Let, xn+1 = Txn for all n = 0, 1, 2, 3, ........
Since T is non-decreasing, then xn  xn+1 for all n ≥ 0. So, from (2.1) we have,
ψ(G(xn, xn+1, xn+1)) =
ψ(G(Txn−1, T xn, T xn)) ≤ ψ(M(xn−1, xn, xn))− φ(M(xn−1, xn, xn)), (2.2)
which implies that,
ψ(G(xn, xn+1, xn+1)) ≤ ψ(M(xn−1, xn, xn)). (2.3)
Since ψ is monotone non-decreasing, we get
G(xn, xn+1, xn+1)) ≤M(xn−1, xn, xn). (2.4)
Now, by using the rectangle property of G, we have
M(xn−1, xn, xn) = max {G(xn−1, T xn−1, xn), G(xn−1, T xn−1, xn), G(xn−1, xn, xn), G(xn, T xn, T xn),
G(xn, T xn, T xn),
1
2 [G(xn−1, T xn, T xn) +G(Txn−1, xn, xn)]}
= max {G(xn, xn+1, xn+1), G(xn−1, xn, xn),
1
2G(xn−1, xn+1, xn+1)}
= max {G(xn, xn+1, xn+1), G(xn−1, xn, xn)}
as, 12G(xn−1, xn+1, xn+1) ≤
1
2 [G(xn, xn+1, xn+1) +G(xn−1, xn, xn)].
If G(xn, xn+1, xn+1) > G(xn−1, xn, xn), then
M(xn−1, xn, xn) = G(xn, xn+1, xn+1) > 0 =⇒ φ(G(xn, xn+1, xn+1) > 0,
then from (2.2) we get
ψ(G(xn, xn+1, xn+1)) ≤ ψ(G(xn, xn+1, xn+1))− φ(G(xn, xn+1, xn+1), which is a contradiction.
So, we have
G(xn, xn+1, xn+1) ≤ M(xn−1, xn, xn) = G(xn−1, xn, xn)
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Hence, {G(xn−1, xn, xn)} is a positive, non-decreasing sequence in R, which is bounded below, so it is
convergent. So there exists a ≥ 0 such that
lim
n→∞
G(xn−1, xn, xn) = a. (2.5)
Now if, a > 0 then φ(a) > 0, and
since, φ is lower semi-continuous, φ(a) ≤ lim inf
n→∞
G(xn−1, xn, xn) .
so letting n→∞ in (2.2), we get
ψ(a) ≤ ψ(a)− φ(a), (2.6)
which is a contradiction. So a = 0 that is
lim
n→∞
G(xn−1, xn, xn) = 0. (2.7)
Now Since G(xn−1, xn−1, xn) ≤ 2G(xn−1, xn, xn),
lim
n→∞
G(xn−1, xn−1, xn) = 0. (2.8)
Now, we show that {xn} is G-cauchy.
Suppose that, {xn} is not G-cauchy. Then, there exist ǫ > 0 and subsequences {xnk} and {xmk} of {xn}
with nk > mk > k such that,
G(xmk , xmk , xnk) ≥ ǫ ∀ k ∈ N. (2.9)
Furthermore, corresponding to mk, one can choose nk such that, it is the smallest integer with nk > mk
satisfying (2.9). Then,
G(xmk , xmk , xnk−1) < ǫ ∀ k ∈ N. (2.10)
So by using rectangle inequality and (2.9), (2.10) we get,
ǫ ≤ G(xmk , xmk , xnk) ≤ G(xmk , xmk , xnk−1) +G(xnk−1, xnk−1, xnk). (2.11)
Taking limit k →∞ in (2.11) we have
lim
n→∞
G(xmk , xmk , xnk) = ǫ. (2.12)
Again, G(xmk−1, xmk−1, xnk−1) ≤
G(xmk−1, xmk−1, xmk) +G(xmk , xmk , xnk) +G(xnk−1, xnk , xnk) (2.13)
and, G(xmk , xmk , xnk) ≤
G(xmk−1, xmk , xmk) +G(xmk−1, xmk−1, xnk−1) +G(xnk−1, xnk−1, xnk). (2.14)
Letting k →∞ in (2.13) and (2.14),we get
lim
k→∞
G(xmk−1, xmk−1, xnk−1) = lim
k→∞
G(xmk , xmk , xnk) = ǫ. (2.15)
4
Now, Since, G(xmk , xmk , xnk) = G(Txmk−1, T xmk−1, T xnk−1). So, by (2.1)
ψ(G(xmk , xmk , xnk)) ≤ ψ(M(xmk−1, xmk−1, xnk−1))− φ(M(xmk−1, xmk−1, xnk−1)) (2.16)
Now, M(xmk−1, xmk−1, xnk−1)
= max {G(xmk−1, T xmk−1, xmk−1), G(xmk−1, T xmk−1, xnk−1), G(xmk−1, xmk−1, xnk−1),
G(xmk−1, T xmk−1, T xmk−1), G(xnk−1, T xnk−1, T xnk−1),
1
2 [G(xmk−1, T xmk−1, T xnk−1) +G(Txmk−1, xmk−1, xnk−1)]}
= max {G(xmk−1, xmk , xmk−1), G(xmk−1, xmk , xnk−1), G(xmk−1, xmk−1, xnk−1),
G(xmk−1, xmk , xmk), G(xnk−1, xnk , xnk),
1
2 [G(xmk−1, xmk , xnk) +G(xmk , xmk−1, xnk−1)]}. (2.17)
Using Rectangle inequality, we get
G(xmk−1, xmk , xnk−1) ≤ G(xmk−1, xmk−1, xmk) +G(xmk−1, xmk−1, xnk−1),
G(xmk−1, xmk−1, xnk−1) ≤ G(xmk−1, xmk , xmk) +G(xmk−1, xmk , xnk−1),
that is, by using (2.8), (2.9) and (2.13), we have
lim
k→∞
G(xmk−1, xmk , xnk−1) = ǫ.
Similarly, lim
k→∞
G(xmk−1, xmk , xnk) = ǫ.
So, by using above inequalities, (2.7),(2.8),(2.15), we get
lim
k→∞
M(xmk−1, xmk−1, xnk−1) = ǫ (2.18)
therefore, letting k →∞ in (2.16) and using (2.18), we have
ψ(ǫ) ≤ ψ(ǫ)− φ(ǫ). (2.19)
Since ǫ > 0, (2.19) leads us to a contradiction.
Therefore, {xn} is a G-cauchy sequence. Since (X, G) is complete, there exists x
∗ ∈ X such that
xn → x
∗ as n→∞.
we claim that x∗ is the fixed point of T .
Case I: if T are continuous, then
lim
n→∞
G(xn+1, x
∗, x∗) = G(x∗, x∗, x∗) = 0
that is, lim
n→∞
G(Txn, x
∗, x∗) = G(Tx∗, x∗, x∗) = 0.
So, Tx∗ = x∗ that is x∗ is a fixed point of T .
Case II: if (X,, G) is regular non-decreasing, then xn  x
∗. So,
ψ(G(xn+1, T x
∗, T x∗)) = ψ(G(Txn, T x
∗, T x∗)) ≤ ψ(M(xn, x
∗, x∗))− φ(M(xn, x
∗, x∗)). (2.20)
Now, M(xn, x
∗, x∗)= max {G(xn, T xn, x
∗), G(xn, T xn, x
∗), G(xn, x
∗, x∗), G(x∗, T x∗, T x∗),
G(x∗, T x∗, T x∗), 12 [G(xn, T x
∗, T x∗) +G(Txn, x
∗, x∗)]}
= max {G(xn, xn+1, x
∗), G(xn, x
∗, x∗), G(x∗, T x∗, T x∗),
1
2 [G(xn, T x
∗, T x∗) +G(xn+1, x
∗, x∗)]}. (2.21)
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Therefore, lim
n→∞
M(xn, x
∗, x∗) = G(x∗, T x∗, T x∗).
(2.22)
If G(x∗, T x∗, T x∗) > 0, letting n→∞ in (2.20) give
ψ(G(x∗, T x∗, T x∗)) ≤ ψ(G(x∗, T x∗, T x∗))− φ(G(x∗, T x∗, T x∗))
which is a contradiction. So, G(x∗, T x∗, T x∗) = 0 =⇒ Tx∗ = x∗. Hence T has a fixed point.
Example 2.1. (Existence of fixed point in case of not continuous function) Let X = [0, 1] and
x  y iff x ≤ y and defined G-metric on X by G(x, y, z)=max{|x− y|, |y− z|, |z− x|}. Then (X,, G) is
complete partially ordered G-metric space. Consider the mapping T : X→ X by T (x) = 0 for x ∈ [0, 1)
and T(1)= 14 . Then G(Tx, T y, T z) ≤
3
4M(x, y, z) ∀ x  y  z. So by taking ψ(t) = t and φ(t) =
1
2 t,
and T satisfies all conditions in the previous theorem. Notice that T is not G-continuous and has a fixed
point at 0.
By following examples we will show that if we violet any one of required conditions of the above
theorem then T may not have a fixed point.
Example 2.2. Let X = [0, 1] and let x  y iff either x = y or xy(x − y) > 0. Now defined G-metric
on X by G(x, y, z)=max {|x− y|, |y− z|, |z− x|}. Then (X,, G) is complete partially ordered G-metric
space and if x 6= 0 then x and 0 are not comparable. Consider the mapping T : X→ X by
T (x) = 0 for x ∈ (0, 1] and T(0)= 14 . Then G(Tx, T y, T z) ≤
1
2M(x, y, z) ∀ x  y  z. So by taking
ψ(t) = t and φ(t) = 14 t, T satisfies only conditions 2, 3 and 4 of Theorem 2.1. Here, T has no
fixed point in X.
Example 2.3. Let X = {2, 3, 4} and x  y iff x | y and defined G-metric on X by G(x, y, z)=max{|x−
y|, |y − z|, |z − x|}. Then (X,, G) is complete partially ordered G-metric space and 3 is not compa-
rable with 2 and 4. Let us consider the mapping T : X → X by T(2)=T(3)=4 and T(4)=3. Then
G(Tx, T y, T z) ≤ 12M(x, y, z) ∀ x  y  z. So by taking ψ(t) = t and φ(t) =
1
4 t, T satisfies only
conditions 1, 3 and 4 of Theorem 2.1. Here, T has no fixed point in X.
Example 2.4. Let X = {2, 3} and x  y iff x | y and defined G-metric by G(x, y, z)=max {|x− y|, |y−
z|, |z − x|}. Then (X,, G) is complete partially ordered G-metric space and 2 is not comparable with
3. Consider the mapping T : X → X by T(2)=3 and T(3)=2. Then G(Tx, T y, T z) = 0 ∀ x  y  z.
Therefore taking ψ(t) = t and φ(t) = 12 t, T satisfies only conditions 1, 2 and 4 of Theorem 2.1.
Here, T has no fixed point in X.
Next example shows that the same conclusion may not hold if M(x, y, z) is replaced by
M1(x, y, z)= max {G(x, Tx, y), G(x, Tx, z), G(x, y, z), G(y, T y, T y),
G(z, T z, T z), G(x, T y, T z), G(Tx, y, z)}
Example 2.5. Let X = {2n | n ∈ N} and x  y iff x | y. Now defined G-metric on X by G(x, y, z)=
max {|x− y|, |y− z|, |z− x|}. Then (X,, G) is complete partially ordered G-metric space. Consider the
mapping T : X → X by T (2n) = 2n+1 ∀ n ∈ N. Then M1(x, y, z) −G(Tx, T y, T z) ≥ 2 ∀ x  y  z.
Therefore taking ψ(t) = t and φ(t) =
{
1
2 t if x ∈ [0, 2]
1 if x ∈ (2,∞)
, T satisfies all conditions in the previous
theorem, with M(x, y, z) replaced by M1(x, y, z). Obviously the mapping T has no fixed point in X.
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Corollary 2.2. Let T satisfy the conditions of Theorem 2.1, except the contraction defined in condition 4
is replaced by the following: for all comparable x  y  z in X there exists a positive Lebesque integrable
function ϕ on R such that
∫ ǫ
0
ϕ > 0 for each ǫ > 0 and that
∫ ψ(G(Tx,Ty,Tz))
0
ϕ(t)dt ≤
∫ ψ(M(x,y,z))
0
ϕ(t)dt−
∫ φ(M(x,y,z))
0
ϕ(t)dt.
Then T has a fixed point.
Proof. Consider the function, τ(x) =
∫ x
0
ϕ(x)dx,
then the above contraction reduces to
(τ ◦ ψ)(G(Tx, T y, T z)) ≤ (τ ◦ ψ)(M(x, y, z))− (τ ◦ φ)(M(x, y, z)),
so taking τ ◦ ψ = ψ1 and τ ◦ φ = φ1 and using Theorem 2.1 we obtain proof.
Before the next result we will prove following lemmas.
Lemma 2.3. Let f, g : X → [0,∞) be two functions such that f(x) ≤ g(x) ∀ x ∈ X then for a ψ ∈ Ψ
and φ ∈ Φ with ψ(x) ≥ φ(x) there exists φ1 ∈ Φ such that ψ(f(x)) − φ(f(x)) ≤ ψ(g(x)) − φ1(g(x)).
Proof. Take α > 0. Let ψ(α) = ǫ. Then ∃ a1 > 0 such that
sup
x∈[0,α]
(ψ(x) − φ(x)) ≤ ǫ− a1,
otherwise, if ∃ no a1 > 0 then
sup
x∈[0,α]
(ψ(x)− φ(x)) = ǫ
and since ψ is nondecreasing, x→ α implies φ(x)→ 0, which is a contradiction.
Similarly for each α
n
, ∃ an > 0 such that
sup
x∈[0,α
n
]
(ψ(x)− φ(x)) ≤ ψ(
α
n
)− an.
Let
b = inf
x∈(α,2α)
φ(x), and bn = inf
x∈( α
n+1
,α
n
]
φ(x), cn = inf
x∈[(n+1)α,(n+2)α)
φ(x) ∀ n ∈ N
Now if bn = 0 for some n ∈ N then there is a sequence {xn} in ( αn+1 ,
α
n
] such that φ(xn)→ 0 as n→∞.
Then ∃ a converging subsequence {xnk} of {xn}. Let
lim
k→∞
xnk = x ∈ [
α
n+ 1
,
α
n
].
Then as φ is lower semi-continuous and φ(x) = 0 iff x = 0,
φ(x) ≤ lim
k→∞
φ(xnk) = 0 =⇒ φ(x) = 0,
which is a contradiction. Hence b, bn, cn > 0 ∀ n ∈ N.
Now define φ1 : [0,∞)→ [0,∞) by
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φ1(x) =


0 if x = 0
inf{b, a1} if x ∈ (α, 2α)
inf{b, a1, b1, a2, ...., bn, an+1} if x ∈ (
α
n+1 ,
α
n
] n ∈ N
inf{b, a1, c1, ....cn} if x ∈ [(n+ 1)α, (n+ 2)α) n ∈ N
Then φ1 is lower semi-continuous and φ1(x) ≤ φ(x) and also ψ(f(x))−φ(f(x)) ≤ ψ(g(x))−φ1(g(x)).
Lemma 2.4. Let (X, d) be a metric space and T : X→ X be a mapping satisfying (ψ, φ)-weak contraction
with ψ is continuous, nondecreasing and φ is lower semicontinous, then there exists another φ2 ∈ Φ with
φ2(x) ≤ ψ(x) and φ2(x) ≤ φ(x) for all x ∈ [0,∞).
Proof. If φ(x) ≤ ψ(x), ∀x ∈ [0,∞), then by taking φ2 = φ, it is done. So let, there exists some x ∈ [0,∞)
such that φ(x) > ψ(x). As φ(0) = ψ(0) = 0 and φ is lower semi-continuous
Case I: ∃ an interval (a, b) containing x such that φ(y) > ψ(y) ∀ y ∈ (a, b) and φ(z) ≤ ψ(z) whenever
z = a, b.
Case II: ∃ an interval (a,∞) containing x such that φ(y) > ψ(y) ∀ y ∈ (a,∞) and φ(a) ≤ ψ(a).
Now in case I if for another x1 ∈ [0,∞) there is an interval (c, d), then either a = c, b = d or, (a, c)
and (b, d) are disjoint, otherwise ∃ z ∈ {a, b, c, d} and z ∈ (a, b) ∪ (c, d) such that φ(z) ≤ ψ(z) which is a
contradiction as z ∈ (a, b) ∪ (c, d) implies φ(z) > ψ(z).
And in case II there is at most one such interval for φ, ψ, otherwise if there is another interval (e,∞)
for some x2 ∈ [0,∞) then either a ∈ (e,∞) implies φ(a) ≤ ψ(a), a contradiction, or e ∈ (a,∞) implies
φ(e) ≤ ψ(e), a contradiction, and its disjoint with interval described in case I. As, if they are not disjoint
∃ z ∈ (a,∞) where φ(z) ≤ ψ(z), which is again a contradiction.
Now let A={x ∈ [0,∞):there exists intervals containing x described as in case I}, and
B={x ∈ [0,∞):there exists intervals containing x described as in case II}.
So then for ψ, φ, ∃ a countable set Λ1 of disjoint intervals (p, q) of type case I such that for each
x ∈ A ∃ (p, q) ∈ Λ1 containing it, and a set Λ2 consisting at most one interval (r,∞) of type case
II such that for each x ∈ B, x ∈ (r,∞) ∈ Λ1
Now define φ2 : [0,∞)→ [0,∞) as
φ2(x) =


φ(x) if x ∈ [0,∞)− {x ∈ [0,∞) : φ(x) > ψ(x)}
ψ(x) if x ∈ (p, q) ∈ Λ1
φ(r) if x ∈ (r,∞) ∈ Λ2
Then φ2 is lower semi-continuous and φ2(x) ≤ φ(x) as well as φ2(x) ≤ ψ(x) for all x ∈ [0,∞). Hence we
can assume for (ψ, φ)-weak contraction with ψ is continuous, nondecreasing and φ is lower semicontinous,
ψ(x) ≥ φ(x) and φ is continuous at 0.
Theorem 2.5. Let (X,, G) be a complete partially ordered G-metric space and let T : X → X be a
nondecreasing map such that x0  Tx0 for some x0 ∈ X. Suppose that there exists ψ ∈ Ψ and φ ∈ Φ
such that for all x  y  z in X
ψ(G(Tx, T y, T z)) ≤ ψ(G(x, y, z))− φ(G(x, y, z)).
Now if either T is G-continuous or (X,, G) is nondecreasing then T has a fixed point in X.
Proof. Since G(x, y, z) ≤M(x, y, z) ∀ x, y, z ∈ X, so by above two lemmas ∃ φ1 ∈ Φ such that
ψ(G(Tx, T y, T z)) ≤ ψ(G(x, y, z))− φ(G(x, y, z)) ≤ ψ(M(x, y, z))− φ1(M(x, y, z)).
Therefore, by Theorem 2.1, T has a fixed point.
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By the following example we will show that Theorem 2.1 is generalization of Theorem 2.5 and if we
transform metric to G-metric, it is not equivalent to the corollary 3.3 in [9].
Example 2.6. Let X=[0, 1], and x  y implies x ≥ y and define metric on X by d(x, y) = |x− y|. Then
G(x, y, z)= max{|x− y|, |y − z|, |z − x|} is G-metric on X and d(x, y) = G(x, y, y).
Therefore (X,, d) is complete partially ordered metric space and also (X,, G) is complete partially
ordered G-metric space. Let T : [0, 1]→ [0, 1] defined by
Tx =
{
2x+ 116 if 0 ≤ x ≤
7
32
16
25x+
9
25 if
7
32 < x ≤ 1
Then, T is nondecreasing and continuous.
Let ψ(t) = t and φ(t) = 132 t
Let x  y  z.
Then, G(Tx, T y, T z)= max{|Tx− Ty|, |Ty− Tz|, |Tz − Tx|} = |Tx− Tz| as x ≥ y ≥ z,
and M(x, y, z)= max{|x−Tx|, |y−Ty|, |z−Tz|, |x−y|, |x−z|, |y−z|, |y−Tx|, |z−Tx|, 12 [G(x, T y, T z)+
G(Tx, y, z)]}. As, T is monotone increasing, |Tx− z| ≤ M(x, y, z) ≤ |1− z|
Now Let A =M(x, y, z)−G(Tx, T y, T z) ≥ |Tx− z| − |Tx− Tz| ≥ 0 as Tz ≥ z.
Then, A ≥
{
z + 116 if 0 ≤ z ≤
7
32
9
25 (1− z) if
7
32 < z ≤ 1
that is A ≥ 132 |1− z| ≥
1
32M(x, y, z) = φ(M(x, y, z)).
Hence, ψ(M(x, y, z))− ψ(G(Tx, T y, T z)) = A ≥ φ(M(x, y, z)) as ψ(t) = t.
implies ψ(G(Tx, T y, T z) ≤ ψ(M(x, y, z))− φ(M(x, y, z)).
Hence by Theorem 2.1 T has a fixed point. Here T has a fixed point at 1. Now if x = 564 and y = z = 0
then, |Tx− Ty| = |Tx− Tz| = 532 ,
but |x− y| = |x− z| = 564 , |Tx− x| =
9
64 , |Ty − y| =
1
16 ,
|Tx− y| = 732 , |Ty − x| =
1
64 .
So G(x, y, z) = 564 , G(Tx, T y, T z) =
5
32 and M(x, y)= max{|x− y|, |Tx− x|, |Ty− y|,
1
2 (|Tx− y|+ |Ty−
x|)} = 964 < |Tx− Ty|.
Hence,for any ψ, φ; T doesn’t satisfy the contractive condition of Theorem 2.5 and as well as the con-
tractive condition of corollary 3.3 in [9].
Now the following theorems can be proved in similar way as Theorem 2.1 and Theorem 2.5 .
Theorem 2.6. Let (X,, G) be a complete partially ordered G-metric space and let T : X → X be a
nondecreasing map such that x0  Tx0 for some x0 ∈ X. Suppose that there exists ψ ∈ Ψ and φ ∈ Φ
such that for all comparable x, y ∈ X with x  y,
ψ(G(Tx, T y, T 2x)) ≤ ψ(N(x, y, Tx))− φ(N(x, y, Tx)), (2.23)
where M(x,y,Tx)= max {G(x, Tx, y), G(Tx, T 2x, T 2x), 12 [G(x, Tx, Tx) +G(y, T y, T y)],
1
2 [G(x, T
2x, T y) +G(Tx, Tx, y)]}.
Now if either T is G-continuous or (X,, G) is nondecreasing then T has a fixed point in X.
Theorem 2.7. Let (X,, G) be a complete partially ordered G-metric space and let T : X → X be a
nondecreasing map such that x0  Tx0 for some x0 ∈ X. Suppose that there exists ψ ∈ Ψ and φ ∈ Φ
such that for all comparable x, y ∈ X with x  y
ψ(G(Tx, T 2x, T y)) ≤ ψ(G(x, Tx, y))− φ(G(x, Tx, y)).
Now if either T is G-continuous or (X,, G) is nondecreasing then T has a fixed point in X.
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The following example shows that Theorem 2.6 is generalization of Theorem 2.7 .
Example 2.7. Let X = {1, 2, 3} and x  y if x ≤ y and define G-metric on X by
G(1, 1, 1) = G(2, 2, 2) = G(3, 3, 3) = 0, G(1, 1, 2) = G(2, 2, 3) = 3, G(1, 2, 2) = G(1, 2, 3) = 5,
G(1, 1, 3) = G(2, 3, 3) = 4, G(1, 3, 3) = 2.
Then (X,, G) be a complete partially ordered G-metric space.
Now Define T : X→ X by T (1) = 2, T (2) = T (3) = 3 and let ψ(t) = t and φ(t) = t20 .
Then T is G-continuous, non-decreasing and 1  T (1) = 2. Now we show that T satisfies the contractive
condition in Theorem 2.6 .
Now if x = 1, y = 1 G(Tx, T y, T 2x) = 3, G(x, y, Tx) = 3, N(x, y, Tx) = 5 =⇒ φ(N(x, y, Tx) = 14
x = 1, y = 2 G(Tx, T y, T 2x) = 4, G(x, y, Tx) = 5, N(x, y, Tx) = 5 =⇒ φ(N(x, y, Tx) = 14
x = 1, y = 3 G(Tx, T y, T 2x) = 4, G(x, y, Tx) = 5, N(x, y, Tx) = 5 =⇒ φ(N(x, y, Tx) = 14
x = 2, y = 2 G(Tx, T y, T 2x) = 0, G(x, y, Tx) = 3, N(x, y, Tx) = 4 =⇒ φ(N(x, y, Tx) = 15
x = 3, y = 3 G(Tx, T y, T 2x) = 0, G(x, y, Tx) = 0, N(x, y, Tx) = 0 =⇒ φ(N(x, y, Tx) = 0.
Hence ψ(G(Tx, T y, T 2x) ≤ ψ(N(x, y, Tx)) − φ(N(x, y, Tx)) ∀ x  y. Here, T has a fixed point
at 3.
But ∄ any ψ ∈ Ψ and φ ∈ Φ such that
ψ(G(Tx, T y, T 2x) ≤ ψ(G(x, y, Tx))− φ(G(x, y, Tx)), ∀ x  y holds.
3 Uniqueness of fixed point
The following example shows that conditions of the Theorem 2.1 are not sufficient for the uniqueness of
fixed point.
Example 3.1. Let X = {2, 3} and x  y iff x | y and defined G-metric by G(x, y, z)=max {|x− y|, |y−
z|, |z − x|}. Then (X,, G) is complete partially ordered G-metric space and 2 is not comparable with
3. Consider the mapping T : X → X by T(2)=2 and T(3)=3. Then G(Tx, T y, T z) = 0 ∀ x  y  z.
Therefore taking ψ(t) = t and φ(t) = 12 t, (X,, G) and T satisfies all conditions in Theorem 2.1. However,
T has two fixed point in X.
In the next theorem we give a sufficient conditions for the uniqueness of the fixed point.
Theorem 3.1. Suppose all the condition in Theorem 2.1 holds and let, for any x, y ∈ TX there exists
z ∈ X such that, x  z and y  z and also {Tmz} is a convergent sequence in (X, G). Then T has
unique fixed point. Where TX is set of all fixed point of T in X.
Proof. Let T has two fixed point x and y in X. Consider the following two cases.
1.Now If x and y are comparable. Without loss of generality let x  y then by (2.1) we have
ψ(G(x, x, y)) = ψ(G(Tx, Tx, T y)) ≤ ψ(M(x, x, y)) − φ(M(x, x, y)), (3.1)
where M(x, x, y)= max {G(x, Tx, x), G(x, Tx, y), G(x, x, y), G(x, Tx, Tx),
G(y, T y, T y), 12 [G(x, Tx, T y) +G(Tx, x, y)]}
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= G(x, x, y).
Therefore, from (3.1) we get
ψ(G(x, x, y)) ≤ ψ(G(x, x, y)) − φ(G(x, x, y)),
which lead us to a contradiction unless G(x, x, y) = 0. Thus x = y.
2. If x and y are not comparable. Then by assumption in theorem, there is a z ∈ X such that x  z
and y  z. Since T is non-decreasing, Tmx = x  Tmz and Tmy = y  Tmz for all m = 0, 1, 2, 3, .........
Then,
ψ(G(x, x, Tm+1z)) = ψ(G(Tx, Tx, Tm+1z)) ≤ ψ(M(x, x, Tmz))− φ(M(x, x, Tmz)), (3.2)
where,
M(x, x, Tmz)= max {G(x, Tx, x), G(x, Tx, Tmz), G(x, x, Tmz), G(x, Tx, Tx),
G(Tmz, Tm+1z, Tm+1z), 12 [G(x, Tx, T
m+1z) +G(Tx, x, Tmz)]}
=max {G(x, x, Tmz), G(Tmz, Tm+1z, Tm+1z), 12 [G(x, x, T
m+1z)+G(x, x, Tmz)]} (3.3)
Now since, {Tmz} is convergent, lim
m→∞
G(Tmz, Tm+1z, Tm+1z) = 0.
Then, Case I: ∃ K ∈ N such that for all m > K,
G(Tmz, Tm+1z, Tm+1z) ≤ max {G(x, x, Tmz), 12 [G(x, x, T
m+1z) +G(x, x, Tmz)]}.
So then, M(x, x, Tmz)= max {G(x, x, Tmz), 12 [G(x, x, T
m+1z) +G(x, x, Tmz)]}.
Now if G(x, x, Tm+1z) > G(x, x, Tmz), then 12 [G(x, x, T
m+1z) + G(x, x, Tmz)] < G(x, x, Tm+1z) and
M(x, x, Tmz) = 12 [G(x, x, T
m+1z) +G(x, x, Tmz)] > 0 =⇒ φ(G( 12 [G(x, x, T
m+1z) +G(x, x, Tmz)]) > 0
then from (3.3) we get
ψ(G(x, x, Tm+1z)) ≤ ψ(12 [G(x, x, T
m+1z) +G(x, x, Tmz)])− φ(12 [G(x, x, T
m+1z) +G(x, x, Tmz)])
< ψ(12 [G(x, x, T
m+1z) +G(x, x, Tmz)]) ≤ ψ(G(x, x, Tm+1z)), which is a contradiction.
So, we have G(x, x, Tm+1z) ≤ M(x, x, Tmz) = G(x, x, Tmz)
Hence,{G(x, x, Tmz)} is a positive, decreasing sequence in R for m > K, which is bounded below, so it
is convergent and therefore ∃ a ≥ 0 such that
lim
m→∞
G(x, x, Tmz) = a.
Now if, a > 0 then φ(a) > 0, letting limit m→∞ in (3.2), we get ψ(a) ≤ ψ(a)− φ(a).
Which is a contradiction. So a = 0 that is
lim
m→∞
G(x, x, Tmz) = 0. (3.4)
Case II: There is no K ∈ N such that
G(Tmz, Tm+1z, Tm+1z) ≤ max {G(x, x, Tmz), 12 [G(x, x, T
m+1z) +G(x, x, Tmz)]} ∀ m > K holds.
So as lim
m→∞
G(Tmz, Tmz, Tm+1z) = 0 =⇒ lim
m→∞
M(x, x, Tmz) = 0,
then, lim
m→∞
ψ(G(x, x, Tm+1z)) = 0 =⇒ lim
m→∞
G(x, x, Tm+1z) = 0.
Now Since G(x, Tmz, Tmz) ≤ 2G(x, x, Tmz)
lim
m→∞
G(x, Tmz, Tmz) = 0. (3.5)
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Similarly , lim
m→∞
G(y, Tmz, Tmz) = 0, (3.6)
as G(x, x, y) ≤ G(x, x, Tmz) +G(y, Tmz, Tmz), so G(x, x, y) = 0 and hence x = y. So uniqueness of
fixed point is proved.
By the following example we will show that if we remove convergence condition of {Tmz} in Theorem
3.1, then T may not have unique fixed point.
Example 3.2. Let X = {2, 3, 12,−18, 30,−42, ......} i.e, X consists of 2,3 and (−1)npn.6 ∀ n ∈ N where
p1, p2, ..... are prime number in usual order with p1 = 2, p2 = 3 and so on.
Define  on X by a  b if a | b. Then 2  (−1)npn.6 and 3  (−1)
npn.6.
Now since for n 6= m pn ∤ pm, so (−1)npn.6 and (−1)mpm.6 are not comparable and also 2,3 aren’t
comparable.
Define G-metric on X by G(x, y, z)= max{|x− y|, |y − z|, |z − x|}. Then (X,,G) is complete partially
ordered G-metric space. Let T : X→ X defined by
T (2) = 2, T (3) = 3, T ((−1)npn.6) = (−1)
n+1pn+1.6 ∀ n ∈ N, and ψ, φ : [0,∞)→ [0,∞) defined by
ψ(t) = t ∀ t ∈ [0,∞) and φ(t) =
{
1
2 t if x ∈ [0, 2]
1 if x ∈ (2,∞)
Then T is G-continuous, nondecreasing, and since 2 | 2 =⇒ 2  T (2). Now we show that T satis-
fies the contractive condition in Theorem 2.1. Since only 2 and 3 are comparable with (−1)npn.6. Let
x = 2, y = 3 and z = (−1)npn.6 for any n ∈ N, then x  z,y  z and {Tmz} doesn’t converge in X.
So, G(Tx, T z, T z) = G(Tx, Tx, T z) = G(2, 2, (−1)npn.6) = |(−1)
npn.6− 2| and
M(x, x, z)
=M(2, 2, (−1)npn.6) = max {G(2, 2, (−1)
npn.6), G((−1)
npn.6, (−1)
n+1pn+1.6, (−1)
n+1pn+1.6),
1
2 [G(2, 2, (−1)
n+1pn+1.6) +G(2, 2, (−1)
npn.6)]}
= (pn + pn+1).6 .
Then ψ(G(Tx, Tx, T z)) = |(−1)npn.6−2| ≤ pn+1.6 + 2 ≤ (pn+pn+1).6−1 = ψ(M(x, x, z))−φ(M(x, x, z)),
as pn.6 ≥ 12.
similarly ψ(G(Ty, T y, T z) = |(−1)npn.6− 3| ≤ (pn + pn+1).6 − 1 = ψ(M(y, y, z))− φ(M(y, y, z)).
So by Theorem 2.1 T has a fixed point. Here T has two fixed point 2 and 3, so fixed point is not unique,
as {T n(−1)npn.6} doesn’t converge in X.
Remark: Under the conditions of uniqueness of fixed point in the previous theorem, it can be proved
by similar way that the Theorem 2.6 has a unique fixed point.
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